A model for the cooling properties of a nanocantilever by a free electron beam is presented for a capacitive interaction. The optimal parameters for position sensing and cooling applications are estimated from previous experimental conditions. In particular, we demonstrate that a purely capacitive force and an electron beam stimulated internal feedback can lower the temperature of a nanocantilever by several orders of magnitude in striking contrast with the conventional electrostatic damping regime.
I. INTRODUCTION
The recent works on nanoelectromechanical systems (NEMSs) have led to considerable improvements of their mass 1 and force 2 sensing limit. Such a progress was the result of a careful control of the coupling strength with the detection probe, yielding to a trade-off between the need to increase the signal from the small amplitude of the NEMS vibration and a limitation of the concomitant increase of the probe perturbations such as heating, additional noise and non-linear effects. To the opposite, a sufficiently strong and efficient perturbation due to the probe can produce a backaction force that induces a cooling of a NEMS down to the quantum regime 3 and be used for coherent electron-photon conversion 4 and quantum communication 5 . Such perturbations can be performed by an external feedback loop 6 with an amplifier and a phase shifter but an interesting feature of NEMS devices is the possibility to form an internal feedback loop [7] [8] [9] where the active component is hidden among the intrinsic elements of the device and their coupling.
The probe coupling for position sensing and backaction cooling has been extensively studied in the framework of gravitational waves 10 and optomechanics 11, 12 where photons are used as a probe of the mechanical vibrations. To the contrary the coupling between an electron beam and a nanoresonator has been little studied and is hardly ever used for NEMS (see ref . [13] [14] [15] [16] and references therein) despite the fact that focused free electron beams have a higher spatial resolution than lasers and are essential for imaging applications. A known drawback of using an electron beam on a nanostructure is the deposition of amorphous carbon 17 due to the dissociation of organic residue present in the SEM chamber. However this contamination can be prevented by in situ plasma cleaning, cryopumping or using a load lock to keep the chamber clean. Another issue is the capacitive force induced by the charging of the NEMS by the electron beam. This force can result in the collapse of the nanostructure if the vibrating part is too close to a counter electrode. Apart from damaging the sample, it is usually considered that a capacitive force cannot lead to cold damping 11 without an external feedback 18 . An increase of the mechanical damping 18, 19 , sometimes called electrostatic damping, arises when a DC voltage is applied to a NEMS cantilever.
This damping leaves the temperature of the mechanical mode unchanged in contrast to the usual coupling to a red detuned cavity. From this, it might mistakenly be inferred that the internal feedback loop formed by a NEMS and the capacitive force induced by an electron source will also lead to damping without cooling. In fact the type of applied bias and the spatial dependence of the electrical components play an equally important role to predict the behavior of such systems. For example, it has been shown that a motional resistance can lead to self-oscillations in capacitive NEMSs 20 or hysteresis and memresistive behavior in a carbon field emitter 21 . Recently, it was also demonstrated that the capacitive dynamical backaction on a NEMS has an opposite effect if an AC voltage is applied instead of a DC voltage.
22,23
In this work, we present a more in-depth analysis of the interaction with a free electron beam compared to our previous work 14 . An analytical model with a purely capacitive backaction force is developed in order to clarify the competition between electrostatic damping and electron stimulated cold damping. In particular, It will be shown that although electrostatic damping and electron stimulated cold damping come from the same capacitive force, retarded by the same mechanism, their respective effect can be dramatically different because in one case the electrical circuit is voltage driven whereas in the other it is current driven. Our analysis, will highlight the fact that a) in the electrostatic damping regime, the mechanical system is submitted to an additional stochastic force originating from the Johnson-Nyquist noise of the resistor in thermal equilibrium with the room temperature bath; b) in the electron stimulated cold damping regime, this stochastic capacitive force comes from the noise of the electron gun and for low current the effective temperature of this source can be lower than room temperature. The optimal conditions for cooling and self-oscillations are estimated based on previous experiments and confirmed by numerical simulations. Experimentally accessible data usually present an interdependency on the different degrees of freedom that makes difficult the estimation of the experimental parameters.
Therefore, a thorough experimental protocol is established in order to extract key parameters from data. The performances and the limitations of this free electron beam position sensor is then studied and compared to other electronic sensing techniques in NEMS 24 such as quantum point contacts 25 , current mixing with a single electron transistor 26 and field emission 8,27-29 .
II. ANALYTICAL MODEL A. Mechanical equations
We consider a single clamped nanowire (NW) in a scanning electron microscope (SEM) environment. The SEM beam is perpendicular to the resonator and focused at its free end (see figure 1 a) . The model can be easily extended for the case where the electron spot is at a different position along the nanowire. The nanocantilever can vibrate in the transverse direction along two perpendicular mechanical polarizations. We suppose that one of these polarizations has been pre-aligned perpendicularly to the electron beam. The electron beam interacts with the nanowire and exerts an actuation force F e on the nanocantilever with both a deterministic and a stochastic component. The mechanical dynamical equation is:
where m is the effective mass, t is the time, ω 0 /2π is the resonance frequency, Γ 0 is the damping,x is the averaged displacement perpendicular to both the nanowire and the SEM beam, x is the instantaneous additional displacement, F T is the stochastic thermal force.
We will limit our analysis to a one dimensional problem and suppose that the two polarizations are uncoupled. There is no mechanical coupling such as observed in ref. 30 because of the small amplitude of vibration and no coupling due to the electron beam force. When the validity of this last assertion is not satisfied experimentally, this can lead to richer dynamical effects, such as those observed in ref. 31 . The physical effect, we want to point out here can be integrated into a 2D model but for simplicity we will neglect these couplings. The interaction with electrons can be described by three different backaction forces : a capacitive force, a thermal force stemming from the electron kinetic energy absorbed by the NW and a direct momentum transfer force. In ref 14 we showed that by changing the capacitive environment, we drastically modified the way the nanowire interacts with the electron beam and were capable to reverse the conditions where self-oscillations take place. Such an effect cannot be explained by thermal or momentum transfer forces. Despite apparent system symmetry, the experimental capacitive environment is not symmetric, so that moving the nanowire to one direction will increase C, while moving it to the other direction will decrease C. The and doesn't affect the dynamics.
The capacitive force can be written as:
where C' is the derivative of capacitance with respect to x,Ū is the average voltage at the nanowire apex and U is the instantaneous additional voltage. C' is the parameter that controls the breaking of spatial symmetry of the system. In the rest of the text, C' will be considered as negative without loss of generality.
B. Electrical equations
The voltage at the apex is governed by the Kirchhoff's circuit laws and the way the SEM the nanowire is controlled by three impedances in parallel : the resistance of the wire, the capacitance of the apex and the "motional impedance" of the mechanical resonator.
where I N W is the current flowing from the nanowire apex to the tungsten tip, I H is the high energy free electron current, I c = CU is the capacitive current, I m = C ′ Uẋ the motional current 28 and I S is the secondary electron current.
I N W depends on the nanowire resistance R and is given by the Ohm's law :
I b will be considered as constant, i.e. independent of x and U. I H depends on the thickness of the material and so depends strongly on the relative positions of the nanowirex and of the focused beam x b . Moreover the voltage at the apex can influence the amount of transmitted current for instance by slightly deflecting the incident electron beam. For a fixed electron beam position this current is given by :
As well, the secondary electron emission depends on the volume and the shape of the nanowire, both related to the nanowire position x. It depends also on the apex voltage since the secondary electrons have a low energy and can be recaptured with a positive voltage:
By discarding the constant terms and performing a Fourier transform, the electrical dynamical equation 3 becomes :Û
whereÛ (respectivelyx) is the Fourier transform of U (respectively x), Z is the electrical impedance of the detection circuit,
∂I ∂x
is the electromechanical transduction andĨ is the total current noise and
where ω is the angular frequency,Ĩ b is the shot noise of the incident electron beam,Ĩ S is the secondary electron current noise,Ĩ H is the current noise from I H andŨ is the Johnson noise coming from the resistor. A hidden assumption in this development, is that the change in current is instantaneously related to the change in position and voltage, so that the spatial and voltage derivatives of the current are independent of the frequency. It means for instance that the secondary electron emission process has no delay. We see no reason to doubt the validity of this assumption in the range of frequency and amplitude of vibration considered
here. The time scale of the secondary emission is faster than 1 ns, the time scale of the electro-mechanics is usually slower than 1µs and the amplitude of vibration is smaller than the nanowire diameter or the electron beam width.
C. Effective dynamical equation
The effective electro-mechanical equation of motion can now be expressed using Eq. 1, Eq. 2 and Eq. 7:
where χ e (ω) is the effective mechanical susceptibility including the backaction capacitive force andF ba is the backaction noise force :
The last term in Eq. 12 is the expression of the complex backaction rigidity k ba due to the interaction of the resonator with the electron beam. This interaction can result in a change in the resonance frequency ω e /2π, a change in the damping Γ e and a resonator effective temperature T e different from the thermal bath at T 0 .
D. Effective physical parameters
The effective temperature T e of the cantilever can be obtained from the equipartition theorem :
and the effective resonance angular frequency and effective damping are :
where the following hypothesis has been made : the resonance is sufficiently narrow (Γ e << ω e ) so that the noise can be considered as white, the electrical impedance as constant and the effective susceptibility as a Lorentzian function.
According to the fluctuation dissipation theorem, the power spectrum density of the stochastic thermal force is :
and from Eq. 10 and 13 the power spectrum density of the backaction noise force is :
The expression of the effective temperature in Eq. 17 can be rewritten as :
where we have neglected
. It appears that the effective temperature depends on: i) ω e RC the product of the effective angular frequency by the charge relaxation time;
ii) the ratio between the intrinsic damping Γ 0 and the electrostatic damping Γ U ; iii) the ratio between the current noise energy eṼ and the thermal energy. iv) the ratio between the characteristic length of capacitance variation λ C and the characteristic length of free electron variation λ e .
III. RESULTS AND DISCUSSION

A. Discussion on the different regimes
The complex backaction rigidity in Eq. 12 is the product of the electrical impedance and the transduction coefficient. This force strongly depends on the frequency because of the different electrical responsivity regimes and the competition between several transduction mechanisms. In this study, we are mainly concerned by the dynamics around the resonance frequency. This frequency needs to be compared to the electrical angular frequency cut-off 1/RC. The effects of the dynamical backaction force are illustrated in Fig. 2 by the solid line curves, in the case where eṼ /4k B T 0 = 0.5 and λ e = λ C , i.e. the transduction strengths of the capacitance and of the free electrons are equal. Although these parameters are not optimal for cooling applications, it illustrates the general trend of the forces originating from the free electron and the electrostatic damping.
At high resonance frequency, the real part of the backaction dominates, mainly inducing a tuning of the effective resonance frequency and leaving the damping unchanged whatever the sign and the amplitude of the free electron transduction. It can be noticed that the imaginary part of the backation rigidity is maximum at the frequency 1/RC but it is at a lower frequency that the effect of the backation on the damping and the effective temperature is maximum.
At low resonance frequency, the backaction induces strikingly different effects whether λ e is higher or lower than λ C . For |λ e | << |λ C |, the situation is close to the case of electrostatic damping 18, 19 where the effective damping increases without cooling the resonator and the frequency tuning is negligible. The difference comes from the additional noise from the free electrons. In the absence of this noise (see the curves in dashed line in Fig. 2 in the case where the electrostatic damping equals the intrinsic damping), the resonator is submitted to a thermomechanical noise and a Johnson noise from the resistor. When a DC voltage is applied, the resonator damping is higher due to the dissipation in the resistor (Fig. 2   c) ) but at the same time the Johnson noise generates a noisy capacitive force. This results in an effective temperature of the resonator strictly equal the the bath temperature as the resistor is also in equilibrium with the bath (Fig. 2 d) ). To the contrary, the presence of the free electron noise, as well as a DC current flowing through the nanowire, generates an additional noisy capacitive force that is not compensated by a change in damping. This additional noise is responsible for an increase of the effective temperature and the higher the free electron current, the higher the temperature.
The case λ e /λ C < −1, was studied in Ref.
14 where it was shown that the electron beam can inject energy into the nanocantilever and achieve a self sustained mechanical oscillation regime. As the sign of the free electron transduction can be changed easily by illuminating one side or the other of the nanowire, the sign of the backaction force will also change and thus energy can also be extracted from the resonator. If the energy extraction is higher than the added noise by the free electron current and λ e /λ C > ∼ 1, cooling below room temperature is possible as shown in solid line in Fig. 2 d) . Frequency tuning is possible at low resonance frequency but with an opposite sign as the electrostatic damping tuning at high frequency (Fig. 2 a) ).
B. Experimental protocol
The estimation of the expected effective temperature and the determination of the dynamical regimes requires one to know the value of the spatial and voltage derivatives of the current. A rigorous measurement of the backaction force requires to measure the x dependance of both the secondary electron current and the transmitted current, especially since these two current gradients have opposite signs and might cancel each other. For instance, it is possible to modify the yield of secondary electron emission by changing the acceleration voltage. At some specific values of the voltage, there exists a position where the number of absorbed electrons is equal to the number of secondary emitted electrons. In this situation, the secondary electron current and its spatial derivative are not zero whereas no backaction should take place as the voltage at the apex is zero. Moreover, it is necessary to sweep only one variable while maintaining the others constant. However, a change of the voltage will usually induce a change in current but also a change in position due to the change of the electrostatic deflection force. Therefore in the following, an experimental protocol will be defined in order to obtain a reliable estimate of the experimental parameters from our previous experiments 8,14,29 .
DC current and voltage
The experiments were performed in a Hitachi S800 or a Orsay Physics e-CLIPSE. The acceleration voltage was typically in the tens of kV and the beam current was about 100 pA The voltage is obtained indirectly by estimating the nanowire resistance by the method detailed in ref. 8, 29 . The typical resistance is about 1 GΩ and in some exceptional cases it can reach up to 1 TΩ but we never performed extensive experiments on such highly resistive samples. The typical DC voltageŪ is lower than 1V.
Voltage derivative of the current
The voltage derivative of the current can be measured by placing the electron beam in the region of the nanowire where the spatial derivative of the current is zero. As already mentioned above, by slowly moving the electron beam in the region where the beam crosses the thicker part of the wire, I N W is constant in a range of at least 10 nm. So the variation of I N W in this region is : In our experiments,
never exceeds 1 pA for a voltage change of 1V. This gives an effective differential resistance above 1 TΩ. We deduce from this estimation that in the expression of the impedance Z in Eq. 8 the voltage derivative of the free electron currents can be safely ignored compared to the sample resistance.
In the regions of the nanowire where the spatial derivatives of the currents are not zero, the voltage derivative cannot be measured independently. However, it is reasonable to consider
is smaller at the edge of the nanowire than in the middle because I N W and thusŪ are smaller.
Spatial derivative of the current
As the typical current flowing through the nanowire is of the order of several tens of pA and the spatial range where the current changes significantly at the edge is about 10 nm, a rough estimate of the spatial derivative of the current is 1pA/nm. This value is an order of magnitude higher than the spatial derivative of the field emission current in ref. 29 for the same DC current.
Other physical parameters
The method to estimate C and C' has been explained elsewhere 29 . The capacitance is usually around 1 fF which gives an electrical frequency cut-off between 1 kHz and 1 MHz.
So, in our experiments ω e RC can range from ∼ 0.1 (Doppler regime) to above 10 (resolved side band regime).
|C ′ | is lower or of the order of 1 pF/m. λ C is approximately of the order of the distance between the tip and the counter electrode and is independent of the beam current. λ e strongly depends on the electron beam position and is rather independent of the beam current asŪ and the spatial derivative of the current are both proportional to the current.
The ratio eṼ /4k B T 0 dominates at high beam current and tends to increase the effective
temperature. An estimation of the total current noise will be rather crude as it involves many different processes not easily accessible experimentally. The SEM beam current will be supposed to be shot noise limited. The current noise measured on the SED was white in a frequency range around the resonance frequency and proportional to the collected secondary electrons with a Fano factor between 2 and 3 (i.e. 2 or 3 times noisier than a pure shot noise). ConcerningĨ H , it can be reasonably guessed that it will also be super Poissonian with a similar Fano factor and partially correlated with the electron beam shot noise.
C. Estimation of the effective temperature
At this stage, all the required parameters for the model have been reasonably estimated.
Now, analytical and numerical calculations can be performed in order to illustrate the strength of the electron beam interaction in a typical example. We will consider a SiC nanowire with a Young's modulus of 500 Gpa, a density of 3210 kg/m 3 , a quality factor of 10 000, a length of 30 µm and a radius of 30 nm. Thus, the mass is equal to 8.2 ·10 −17 kg and the resonance frequency is equal to 128 kHz. The capacitance comes from a metallic plate parallel to the nanowire at a distance of 10 µm. So an electrostatic calculation gives C = 0.26 fF and C' = 2.03 pF/m at 0 V. The nanowire resistance is 3 GΩ. The total beam current is 100 pA with a width of 10 nm and Gaussian profile. The yield of electron absorption is chosen to be 10 % in the center where the thickness is higher, and is proportional to the nanowire thickness. On the edge of the nanowire, for I N W =6 pA, its spatial derivative equals 0.3 pA/nm. As a safe estimate, we will consider that the total current noise is ten times the shot noise of the total incident beam current. The true noise value is probably lower, so the effects will be stronger experimentally than in our calculations.
With this choice of parameters, the calculation of the ratios involved in Eq. 20 gives: i) ω e RC ≈ 0.62; ii) Γ 0 /Γ U ≈ 1700, the electrostatic damping is negligible; iii) eṼ /4k B T 0 ≈ 1.8, the current noise is of the order of the thermal noise but is negligible compared to the thermomechanical noise (1700 >> 1.8) because the capacitive transduction is too low. So the electron beam doesn't induce additional noise; iv) λ C /λ e ≈ 5000, the system is in the strong free electron transduction regime inducing an increase of the damping. Then, the effective temperature according to Eq. 20 is 4 times lower than the bath temperature at this position, T e = 75 K for a bath at 300 K.
D. Numerical simulations
We performed numerical simulations with a self-consistant determination of the apex voltage, position, capacitance and its spatial derivative as a function of the beam position. With this model, it is possible to identify the influence of each physical parameters.
For instance in Fig. 3 b) , we swept the nanowire resistance and beam current to look for the optimal parameters for a given position of the beam. In this conditions, λ C and λ e are roughly constant and the optimum is a trade off between a high voltage for a high capacitive transduction and a low current to limit the effective heating from the electrical noise (eṼ term). We obtained that a nanowire with a resistance of 4 GΩ and a beam current of 3 nA can be cooled down by two orders of magnitude (3 K).
The most important parameter to optimise is the position of the electron beam. In 
E. Motion sensing
If the electron beam is used for position sensing instead of cooling, the optimal conditions are different. The expression of the secondary electron current from Eq. 6 reveals that using this current as a position sensor like for instance in ref.
13,14 might be problematic as it mixes mechanical and electrical information. I S depends not only on x but also on U. x and U are two independent dynamical variables related by the electromechanical equations. By performing a Fourier transform of Eq. 6, leaving aside the noise terms and using Eq. 7, the relation between the secondary current and the nanowire position becomes :
This relation shows thatÎ S andx are proportional but the coefficient of proportionality might depend on the frequency of interest since Z and Now, if we take into account the noise terms in Eq. 6, 7, 11 and 13, the Fourier transform of the mechanical displacement iŝ
where the voltage derivative of I S has been neglected. If we follow the same line of reasoning as in optomechanics 10, 11 , the first term on the right hand side of Eq. 23 is the imprecision noise current and the second term is the backaction noise force. The third term is the quantity we need to measure. These terms are usually compared when referred back to the input i.e. by dividing them by the transduction
. For the previous typical sample we used to calculate the effective temperature in Fig. 3 , the thermomechanical motion at the resonance is 1 nm/ √ Hz without the electron beam and 250 pm/ √ Hz when the beam is at the optimal cooling position. The power spectrum density of the imprecision displacement noise can be expressed as :
where λ S is the the characteristic length of secondary electron current variation and will be considered as close to λ e , α is the Fano factor expressing the excess noise compared to the shot noise, η is the yield of conversion of incident electron into secondary electrons. We will use the same conservative estimate for the noise as previously so α = 10 and fix the yield at 10 % as before. As expected the imprecision noise decreases when the incident beam current increases. For our typical example, the imprecision displacement noise is lower than 12 pm/ √ Hz.
The power spectrum density of the backaction displacement noise is to the optimal beam current value as increasing further the current would reduce the imprecision noise but will increase the backaction noise and increase the damping making detection more difficult. A rigorous analytical determination of the optimal current would require to estimate the cross correlation between the noise current and the backaction noise and will depend on the frequency of interest as in optomechanics 12 (for example, at the resonance Γ e is in our case proportional to I 2 b ). This optimum can be obtained by minimizing the ratio of the sum of the power spectrum density of the imprecision displacement noise, the backaction displacement noise and their cross correlation, by the power spectrum density of the thermomechanical noise. The total additional noise in our typical example is of the order of several tens of pm/ √ Hz. It is still far from the best detection methods involving electrons in vacuum such as quantum point contacts 25 and STM 33 which have a sensitivity in the fm/ √ Hz. However, we consider our estimation as very conservative and despite this, the noise is low enough to measure the thermomechanical noise with at least 20 dB of signal to noise ratio. Our total additional noise is comparable to calculations for the optimal condition in current mixing in single electron transistor double clamped carbon nanotubes 26 at low temperature and probably close to the performances of an off-board QPC at low temperature 32 .
IV. CONCLUSIONS
We showed analytically that the capacitive interaction between a scanning electron mi- 
